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Abstract
We study nonlocal symmetries and their similarity reductions of Riccati and Abel chains. Our
results show that all the equations in Riccati chain share the same form of nonlocal symmetry.
The similarity reduced N th order ordinary differential equation (ODE), N = 2, 3, 4, · · · , in
this chain yields (N − 1)th order ODE in the same chain. All the equations in the Abel chain
also share the same form of nonlocal symmetry (which is different from the one that exist in
Riccati chain) but the similarity reduced N th order ODE, N = 2, 3, 4, · · · , in the Abel chain
always ends at the (N − 1)th order ODE in the Riccati chain. We describe the method of
finding general solution of all the equations that appear in these chains from the nonlocal
symmetry.
1 Introduction
1.1 Statement of the problem
The first order Riccati equation,
ux = f0(x) + f1(x)u + f2(x)u
2, (1)
and its simplest nonlinear extension, namely Abel equation of first kind,
ux = g0(x) + g1(x)u + g2(x)u
2 + g3(x)u
3, (2)
where fi’s and gj ’s, i = 0, 1, 2 and j = 0, 1, 2, 3, are arbitrary functions of x and subscript denotes
derivative with respect to x, play a vital role in the theory of dynamical systems [1–3]. Both the
equations have been intensively studied by many authors and it has been shown that both of them
possess many interesting properties, see for example [4, 5] and references therein.
Interestingly, both the equations, (1) and (2) admit higher order integrable generalizations
[4, 6–8]. For example, the higher order Riccati equations/Riccati chain has the following form of
differential equations, namely
ux + u
2 = 0, (3)
uxx + 3uux + u
3 = 0, (4)
uxxx + 4uuxx + 6u
2ux + 3u
2
x + u
4 = 0, (5)
uxxxx + 5uuxxx + 10uxuxx + 10u
2uxx + 15uu
2
x + 10u
3ux + u
5 = 0, (6)
1
and so on. The second ODE in this family is the modified Emden equation [9] and the third order
ODE is one of the subcases of the Chazy equation [10].
The higher order Abel equations/Abel chain has the following form of differential equations
[4, 8], namely
ux + u
3 = 0, (7)
uxx + 4u
2ux + u
5 = 0, (8)
uxxx + 5u
2uxx + 8uu
2
x + 9u
4ux + u
7 = 0, (9)
uxxxx + 6u
2uxxx + 26uuxuxx + 14u
4ux + 8u
3
x + 44u
3u2x + 16u
6ux + u
9 = 0, (10)
and so on. The second order ODE is a generalized van-der Pol oscillator equation [11] and the
third order ODE is a subcase of the Chazy equation [10].
The properties exhibited by Riccati and Abel chains make them interesting from both physical
and mathematical points of view [4]. Very recently n-dimensional integrable generalizations of
both the chains have also been proposed.
In this paper we study nonlocal symmetries and similarity reductions of Riccati and Abel
chains. The primary motivation for this study comes from the contemporary interest in studying
symmetry, integrability and geometrical properties of both the chains. Even though the classical
Lie point symmetries of both the chains have been studied the existence of nonlocal symmetries
and their consequences for these two chains have not been analyzed in the literature. The second
reason for this study comes from the recent developments in exploring non-Lie point symmetries
associated with the nonlinear differential equations [12–16]. The need for this study came from the
result that certain nonlinear integrable models do not admit Lie point symmetries. To overcome
this demerit, during the past few years, several generalizations over the classical Lie algorithm
have been proposed. Some of the algorithms that have been developed in the recent literature to
derive integrals/general solution associated with the given ODE that lacks Lie point symmetries
are λ-symmetries [17], telescopical symmetry [18], hidden and non-local symmetries [19], adjoint
symmetry method [20], exponential vector fields [21], generalized Lie symmetries [22] and so on.
In this paper we intend to study nonlocal symmetries associated with the given equation.
1.2 Methodology and outcome
To explore nonlocal symmetries of the given equation we consider the algorithm proposed by one
of the present authors [23, 24]. In this method one essentially introduces an auxiliary “covering”
system with auxiliary dependent variables. A Lie symmetry of the auxiliary system, acting on the
space of independent and dependent variables of the given ODE as well as the auxiliary variables,
yields a nonlocal symmetry of the given ODE if it does not project to a point symmetry acting in
its space of the independent and dependent variables [23, 24].
Let the given second order nonlinear ODE be of the form
∆
(
x, u,
du
dx
, . . . ,
dnu
dxn
)
= 0. (11)
To derive nonlocal symmetries of (11), the author of Ref. [23] has introduced an auxiliary nonlocal
variable v with the auxiliary system
∆
(
x, u,
du
dx
, . . . ,
dnu
dxn
)
= 0, vx = f(x, u). (12)
Any Lie group of point transformations [21, 25, 26]
v = ξ(x, u, v)
∂
∂x
+ φ(x, u, v)
∂
∂u
+ ψ(x, u, v)
∂
∂v
, (13)
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admitted by (12) yields a nonlocal symmetry of the given ODE (11) if the infinitesimals ξ or φ
depend explicitly on the new variable v, that is if the following condition is satisfied [27, 28]
ξ2v + φ
2
v 6= 0. (14)
Because the local symmetries of (12) are nonlocal symmetries of (11) this method provides an algo-
rithm to derive a class of nonlocal symmetries for the given equation. These nonlocal symmetries
can be profitably utilized to derive the general solution for the given equation.
To begin with we consider Riccati chain. We start our analysis with second order Riccati
equation (4). By introducing a nonlocal variable v and rewriting it as a system of equations of
the form (12) and extracting suitable point symmetries of this auxiliary system of equations we
construct nonlocal symmetries of Eq. (4). We then solve the characteristic equation associated
with the symmetries and obtain similarity variables which in turn reduces the second order ODE
into a first order nonlinear ODE. The first order ODE is nothing but the Riccati equation (3).
We integrate this first order ODE and arrive at the general solution of Eq. (4). We then consider
the third order equation (5) and repeat the procedure. While reducing this third order ODE to a
second order ODE we find that the latter turns out to be the second order Riccati equation (4).
Since we have already derived the solution of this ODE in the previous analysis we substitute the
solution in the invariant and integrate the resultant equation and obtain the general solution of the
third order equation (5). Interestingly we observe that this procedure is repetitive in every order.
For example, when we carry out the symmetry reduction of fourth order ODE (6) we find that
the similarity reduced ODE is nothing but the third order equation (5) and the similarity reduced
ODE from the N th order Riccati equation is nothing but a (N − 1)th order Riccati equation.
The solution of any higher order Riccati equation can be constructed recursively from the known
solution of the previous ODE in this chain.
Interestingly when we extend this analysis to the Abel chain we find that all the equations
in this chain also admit the same form of nonlocal symmetries (which is different from Riccati
chain) but the symmetry reduction of any equation in this chain always end at the Riccati chain.
For example, the symmetry reduction of second order Abel equation provides only the first order
Riccati equation rather than first order Abel equation. Since we know the solution of this first
order equation in the Riccati chain we substitute it in the invariant and integrate the resultant
equation and arrive at the general solution for the original equation. Proceeding further we find
the symmetry reduction of third order Abel equation ends at second order Riccati equation. From
the known general solution of the latter we arrive at the general solution of the former . In fact, the
result extends upto N th order ODE in the Abel chain. To our knowledge the nonlocal symmetries
and their similarity reductions of these two chains are being presented for the first time in the
literature.
The plan of the paper is as follows. In Sec. 2, we consider three equations in the Riccati chain,
namely Riccati-II, III and IV and construct nonlocal symmetries for them. We then construct
similarity variable and reduce the order of these three equations to first, second and third order
ODE respectively. From the solution of these ODEs we derive the solution of the Riccati-II, III
and IV . In Sec. 3, we consider three equations in the Abel chain, namely Abel-II, III and IV
and study nonlocal symmetries, similarity reduction and general solution of them. Here we show
that the similarity reduction of all the Abel equations end at lower order Riccati equation. We
present our conclusion in Sec. 4.
3
2 Nonlocal symmetries and similarity reduction of Riccati
chain
2.1 Riccati II
Let us start our analysis with the second order Riccati equation (4), namely
uxx + 3uux + u
3 = 0. (4)
We introduce a nonlocal variable v and rewrite Eq. (4) in the form
uxx + 3uux + u
3 = 0
vx = f(x, u),
(15)
where f(x, u) is an arbitrary function to be determined. Any Lie group of point transformation
v = ξ(x, u, v)
∂
∂x
+ φ(x, u, v)
∂
∂u
+ ψ(x, u, v)
∂
∂v
, (16)
admitted by (15) yields a nonlocal symmetry of the ODE (4), if the infinitesimals ξ and φ satisfy
Eq.(14).
The invariance of the system (15) under a one parameter Lie group of point transformations
leads to the following set of determining equations, namely
ξuu = 0, ψu − fξu = 0, φuu − fuξv − 2ξux − 2fξuv + 6uξu = 0,
ψx + fψv − fξx − f2ξv − fxξ − fuφ = 0,
2u3ξx + 2fu
3ξv − φuu3 + 3φu2 + 3φxu+ 3fφvu+ φxx + f2φvv + 2fφvx + fxφv = 0,
3uξx − ξxx − f2ξvv − 2fξvx + 3fuξv − fxξv + 3u3ξu + fuφv + 2φux + 2fφuv + 3φ = 0. (17)
Solving the overdetermined system (17) we obtain the infinitesimal generator of the form
v = c(x)evu
∂
∂u
+ c(x)ev
∂
∂v
, (18)
with
f(x, u) = −u− cx
c
, (19)
where c(x) is an arbitrary function. We note here that (18) is not the only solution set for the
determining equations.
By using the prolongation formula
φx = e
v(dxu+ dux + cuf)
∂
∂ux
(20)
we find two functionally independent invariants are of the form
z = x, ζ =
ux
u
+ u. (21)
Differentiating the second equation in (21) and substituting the resultant expression in (4), we
obtain a first order ODE of the form
ζz + ζ
2 = 0. (22)
It follows that ζ =
1
x+ k1
where k1 is the integration constant. Plugging the later expression
in the second equation in (21) we get
ux
u
+ u− 1
x+ k1
= 0. (23)
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This first order ODE can be integrated straightforwardly to yield
u =
2 (x+ k1)
x2 + 2k1 x− 2 k2 , (24)
where k2 is the second integration constant. In this analysis we find that the similarity reduced
first order ODE (22) is nothing but the Riccati equation (3).
2.2 Ricati III
Now let us consider the next ODE (5) in the Riccati chain, namely
uxxx + 4uuxx + 3u
2
x + 6u
2ux + u
4 = 0. (5)
To construct nonlocal symmetries of Eq. (5) we consider the system of equations
uxxx + 4uuxx + 3u
2
x + 6u
2ux + u
4 = 0
vx = f(x, u).
(25)
The invariance of the system (25) under a one parameter Lie group of point transformations
with infinitesimal generator (16) leads to a set of nine determining equations. We find that the
infinitesimal generator (18) with f given in (19) again be a solution for these determining equations
as well. As a consequence the characteristic equation provides the same form of similarity variables
(21) for the Eq.(5).
The similarity reduced second order ODE turns out to be the second order Riccati equation
(4), ζxx + 3 ζ ζx + ζ
3 = 0, which has the general solution (24). Substituting (24) into the second
invariant that appears in (21),
ux
u
+ u− 2 (x+ k1)
x2 + 2k1 x− 2 k2 = 0, (26)
and solving the resultant ODE we obtain the solution of Riccati III in the form
u(x) =
3
(
x2 + 2 k1 x− 2 k2
)
x3 + 3 k1 x2 − 6 k2 x− 3 k3 , (27)
where k3 is the third integration constant. We note that the similarity reduced ODE of (5) is
nothing but the second order Riccati equation (4).
2.3 Riccati IV
For the sake of completeness we consider a next member in the Riccati chain, namely
uxxxx + 5uuxxx + 10uxuxx + 10u
2uxx + 15uu
2
x + 10u
3ux + u
5 = 0 (6)
and consolidate the results. As we did in the previous two cases, we consider the system of
equations,
uxxxx + 5uuxxx + 10uxuxx + 10u
2uxx + 15uu
2
x + 10u
3ux + u
5 = 0
vx = f(x, u),
(28)
to derive nonlocal symmetries of (6).
The invariance of the system (28) under a Lie group of point transformation leads to a set of
fourteen equations. Here also we find that the infinitesimal generator (18) with f given by (19)
constitutes a solution for the determining equations. Therefore, for the present case also we get
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same similarity variables (21). In terms of these variables Eq. (6) can be brought to Riccati III
(5), that is
ζzzz + 4ζζxx + 3ζ
2
x + 6ζ
2ζx + ζ
4 = 0. (5)
Since the solution of the latter is known, vide Eq. (27), one can substitute it in (21),
ux
u
+ u− 3
(
x2 + 2 k1 x− 2 k2
)
x3 + 3 k1 x2 − 6 k2 x− 3 k3 = 0 (29)
and integrate to obtain the general solution of (6) in the form
u(x, t) = − 4 x
3 + 12 k1 x
2 − 24 k2 x− 12 k3
x4 + 4 k1 x3 − 12 k2 x2 − 12 k3 x+ 4 k4 , (30)
where k4 is the fourth integration constant.
The above procedure can now be repeated to all higher order ODEs that present in the Riccati
chain. The result reveals the fact that nonlocal symmetries of all the equations in this chain are
same (vide Eqs. (18) and (19)) and the similarity reduced ODE always turns out to be the lower
order equation in the same chain.
3 Nonlocal symmetries and similarity reductions of Abel
chain
Now we focus our attention on the Abel chain and study the structure of nonlocal symmetries,
similarity reductions and general solution admitted by this chain.
3.1 Abel II
To begin with let us consider the second order Abel equation (8), namely
uxx + 4u
2ux + u
5 = 0. (8)
By introducing the nonlocal variable v equation we have the auxilary system
uxx + 4u
2ux + u
5 = 0
vx = f(x, u).
(31)
The invariance of the system (31) under a Lie group of point transformation leads to the
following set of six equations, that is
ξuu = 0, ψu − fξu = 0, φuu − fuξv − 2ξux − 2fξuv + 8u2ξu = 0,
ψx − fξx − f2ξv − fxξ + fψv − fuφ = 0,
2u5ξx + 2fu
5ξv − φuu5 + 5φu4 + 4φxu2 + 4fφvu2 + φxx + f2φvv + 2fφvx + fxφv = 0,
4u2ξx − ξxx − f2ξvv − 2fξvx − fxξv + 4fu2ξv + 3u5ξu + fuφv + 2φux + 2fφuv + 8φu = 0.
(32)
Interestingly we find that the vector field
v = c(x)evu
∂
∂u
+ 2c(x)ev
∂
∂v
, (33)
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satisfies the determining equations (32) with the new form of f(x, u) which is given by
f(x, u) = −2u2 − cx
c
. (34)
By using the prolongation formula
φx = e
v(cxu+ cux + cuf)
∂
∂ux
(35)
one can construct two functionally independent invariants of the form
z = x, ζ =
ux
u
+ u2. (36)
We observe that the second invariant is quadratic in u. From (36) we get ux = u(ζ − u2) and
uxx = uζx + uxζ − 3u2ux. In terms of these similarity variables, one can reduce the second order
equation (8) to a first order ODE, ζz + ζ
2 = 0, which can be integrated to yield ζ =
1
x+ k1
, where
k1 is an integration constant. Substituting this solution in the second expression in (36),
ux
u
+ u2 − 1
x+ k1
= 0, (37)
and solving the resultant ODE we obtain the general solution of (8) in the form
u =
√
3 (x+ k1)√
2 x3 + 6 k1 x2 + 6 k1
2 x+ 3 k2
, (38)
where k2 is the second integration constant.
We note that the similarity reduction of the second order Abel ODE takes us only to the first
order Riccati equation.
3.2 Abel III
Next we consider the third order ODE in the Abel chain (9), namely
uxxx + 5u
2uxx + 8uu
2
x + 9u
4ux + u
7 = 0 (9)
and explore the nonlocal symmetries of it. To do so we consider the system
uxxx + 5u
2uxx + 8uu
2
x + 9u
4ux + u
7 = 0
vx = f(x, u).
(39)
The invariance of the system (39) under a one parameter Lie group of point transformations
leads to a set of nine determining equations. Solving this overdetermined system we obtain the
infinitesimal generator (33) with f is given in (34). By solving the characteristic equation associated
with the infinitesimal symmetries we obtain the same similarity variables given in (36). These
similarity variables reduce the third order ODE (9) into second order Riccati equation, namely
ζxx + 3 ζ ζx + ζ
3 = 0, whose general solution is given by
ζ =
2 x+ k1
x2 + k1 x+ k2
. (40)
where k1 ana k2 are integration constants. Substituting (40) in the second invariant of (36), we
get
ux
u
+ u2 − 2 x+ k1
x2 + k1 x+ k2
= 0. (41)
7
This first order ODE can be integrated to yield
u =
√
15
(
x2 + k1 x+ k2
)
√
6 x5 + 15 k1 x4 +
(
20 k2 + 10 k1
2
)
x3 + 30 k1 k2 x2 + 30 k2
2 x+ 15 k3
, (42)
with 4k2 − 4k21 > 0, where k3 is the integration constant.
In this case also the similarity reduced Abel ODE ends at Riccati chain.
3.3 Abel IV
We conclude our analysis by considering the fourth order equation in the Abel chain (10), namely
uxxxx+6u
2uxxx+26uuxuxx+14u
4uxx+8u
3
x+44u
3u2x+16u
6ux+u
9 = 0. (10)
We use the same procedure followed in the previous two equations and construct nonlocal
symmetries of Eq. (10). We find the nonlocal symmetries of this equation also of the form (33).
The similarity reduced ODE in this case turns out to be ζxxx + 4 ζ ζxx + 3ζ
2
x + 6ζ
2ζx + ζ
4 = 0,
which is nothing but the third order Riccati equation. From the solution of the latter we deduce
the general solution to (10) which is of the form
u =
√
105
(
x3 + k1 x
2 + k2 x+ k3
)
√
P (x)
, (43)
where
P (x) = 30 x7 + 70 k1 x
6 +
(
84 k2 + 42 k1
2
)
x5 + (105 k3 + 105 k1 k2) x
4
+
(
140 k1 k3 + 70 k2
2
)
x3 + 210 k2 k3 x
2 + 210 k3
2 x+ 105 k4.
where k1, k2, k3 and k4 are integration constants. Following the procedure given in this section
one can construct the general solution of all higher order ODEs in this chain. In this work we
have focussed our attention on exploring nonlocal symmetries associated with the equations in the
Riccati and Abel chains and constructing their underlying solutions through similarity reduced
lower order ODEs. One can also exploit the nonlocal symmetries to construct first integrals, see
for example Ref.[29], associated with these equations. By integrating the first integrals one can
obtain the general solution.
4 Conclusions
In this paper we have studied nonlocal symmetries of Riccati and Abel chains and studied similarity
reductions coming out from them. Our studies show that the entire Riccati chain of equations admit
the same form of nonlocal symmetry (vide Eq. (18)). As a consequence the similarity variables
are also found to be same for all the equations in the chain. The similarity reduced N th order
ODE, N = 2, 3, 4, · · · , ends at (N − 1)th order ODE in the Riccati chain. From the solution
of the (N − 1)th order ODE we derive the general solution for the N th order ODE. We have
observed that all the equations in the Abel chain also posses the same form of nonlocal symmetry
(which is different from Riccati chain). The similarity reduced N th order ODEs, N = 2, 3, 4, · · · ,
in the Abel chain always ends at (N − 1)th order equation Riccati chain. Since we have already
constructed the general solution of (N −1)th order equation in the Riccati chain we substitute this
solution in the invariant and integrate it to arrive the general solution of the considered equation
in Abel chain. To our knowledge the nonlocal symmetries of these two chains and their associated
similarity reductions are being reported for the first time in the literature. The procedure presented
in this paper is simple, algorithmic and straightforward and moreover it is applicable to a class of
nonlinear ODEs.
8
5 Acknowledgments
The support of DGICYT project MTM2009-11875 and Junta de Andaluc´ıa group FQM-201 are
gratefully acknowledged. The work of MS forms part of a Department of Science and Technology,
Government of India, sponsored the research project.
References
[1] E. L. Ince, Ordinary Differential Equations (Dover, New York, 1956).
[2] H. T. Davis, Introduction to Nonlinear Differential and Integral Equations (Dover, New York,
1962).
[3] M. J. Ablowitz and P. A. Clarkson, Solitons: Nonlinear Evolution Equations and Inverse
Scattering (Cambridge University Press, Cambridge, 1991).
[4] J.F. Carin˜ena, P. Guha and M.F. Ran˜ada, Nonlinearity 22, 2953 (2009)
[5] J.F. Carin˜ena and A. Ramos, Int. J. Mod. Phys. A 14, 1935 (1999)
[6] N. Euler and P.G.L Leach Theor. Math. Phys. 159, 474 (2009)
[7] V.K. Chandrasekar, M. Senthilvelan, Anjan Kundu and M. Lakshmanan, J. Phys. A: Math.
Gen. 39, 9743 (2006);J. Phys. A: Math. Gen. 39, 10945 (2006).
[8] R. Gladwin Pradeep, V. K. Chandrasekar, M. Senthilvelan and M. Lakshmanan, J. Math.
Phys. 51, 103513 (2010)
[9] V. K. Chandrasekar, M. Senthilvelan and M. Lakshmanan, J. Phys. A: Math. Theor. 40,
4717 (2007); V.K. Chandrasekar, S.N. Pandey, M. Senthilvelan and M. Lakshmanan, Chaos,
Solitons & Fractals 26, 1399 (2005)
[10] V. K. Chandrasekar, M. Senthilvelan and M. Lakshmanan, Proc. R. Soc. Lond. A 462, 1831
(2006).
[11] V. K. Chandrasekar, M. Senthilvelan and M. Lakshmanan, J. Phys. A: Math. Gen. 37, 4527
(2004).
[12] A. Gonzalez-Lopez, Phys. Lett. A 4, 190 (1988).
[13] M.C. Nucci, J. Nonlin. Math. Phys. 15, 205-211 (2008).
[14] A. A. Adam and F. M. Mahomed, Nonlinear. Dyn. 30, 267 (2002).
[15] B. Abraham-Shrauner, A. Govinder and P.G.L. Leach, Phys. Lett. A 203, 169-174 (1995)
[16] B. Abraham-Shrauner, J. Nonlinear Math. phys. 9, 1 (2002)
[17] C. Muriel and J. L. Romero, IMA J. Appl. Math. 66, 111 (2001); Theor. Math. Phys. 133,
1565 (2002); J. Lie Theory 13, 167 (2003); C. Muriel, J. L. Romero and P. J. Olver, J. Diff.
Eqn. 222, 164 (2006); C. Muriel and J. L. Romero, J. Nonlinear Math. Phys. 15, 300 (2008)
[18] E. Pucci and G. Saccomandi, J. Phys. A: Math.Theor. 35, 6145 (2002)
[19] B. Abraham-Shrauner, IMA J. Appl. Math. 56, 235 (1996); M. C. Nucci and P. G. L. Leach, J.
Math. Anal. Appl. 251, 871 (2000); B. Abraham-Shrauner and K. S. Govinder, J. Nonlinear
Math. Phys. 13, 612 (2006)
9
[20] G. W. Bluman and S. C. Anco, Symmetries and Integration Methods for Differential Equations
(Springer-Verlag, New York, 2002).
[21] P. J. Olver, Applications of Lie Groups to Differential Equations (Springer-Verlag, New York,
1986).
[22] M. Lakshmanan and M. Senthilvelan, J. Math. Phys. 33, 4068 (1992)
[23] M.L. Gandarias, Theor. Math. Phys. 159, 778 (2009)
[24] M.L. Gandarias and M.S. Bruzon, J. Nonlinear Math. Phys. 18, 123 (2011).
[25] G.W. Bluman and S. Kumei, Symmetries and Differential Equations (Springer, Berlin, 1989).
[26] P. E. Hydon, Symmetry Methods and Differential Equations (Cambridge University Press,
Cambridge, 2000).
[27] G. W. Bluman and G.R. Reid, IMA J. App.Math. 40, 87(1988)
[28] M.L. Gandarias, E. Medina and C. Muriel, Nonlin. Anal.: Theory, Methods Appl., 47, 5167
(2001); J. Nonlinear Math. Phys. 9, 47 (2002)
[29] E.S. Cheb-Terrab, L.G.S. Duarte, and L.A.C.P. da Mota, Computer Physics Communications.
108, 90 (1998)
10
